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A B S T R A C T

We are given input embedded in the plane that is in the form of either a simple
polygon, a planar straight-line graph, or a set of points, rectangles, or line-
segments. Every pair of input elements defines a bisector, that is the set of
points that are equidistant to both input elements, in respect to a predefined
distance function.

In this cumulative dissertation the focus lies on geometric straight-line struc-
tures that are defined as portions of such bisectors. Among others, we inves-
tigate two well-known structures, namely the straight skeleton and the Voronoi
diagram. The latter is explored by defining a weighted variant that still results
in a straight-line structure. The straight skeleton is researched in a weighted
setting, and under restriction of the input, where for both settings new ap-
proaches are introduced. The straight skeleton inside of a simple polygon can
be used to erect a z-monotone terrain called roof. Generalizing from such a
straight skeleton induced roof we introduce a new roof type. As part of this cu-
mulative research we discuss certain properties of this new roof type and show
how to compute it. Additionally, we view the straight skeleton in the sense of
a recognition and reconstruction problem.
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Part I

I N T R O D U C T I O N





preliminaries

1P R E L I M I N A R I E S

In Chapter 1Chapter 1 of my cumulative dissertation I give a short overview about the
relevant geometric structures. In the subsequent sections the basic terminol-
ogy is introduced, we see where the relevant structures originate, and look at
current state of the art algorithms for their computation.

We start with a closer look at the straight skeleton in Section 1.1Section 1.1, then in
Section 1.2Section 1.2, we discuss the famous Voronoi diagram. We survey selected publi-
cations on these structures and discuss how to construct them and where they
are applied.

In Chapter 2Chapter 2, the contribution of this cumulative research is summarized. This
includes a three-dimensional roof structure that can be constructed on top of
a simple polygon. Such a roof can be raised in combination with, for exam-
ple, the induced straight skeleton. Then, we look at the straight skeleton, first
by restricting its input, then in a weighted setting, and finally in the sense of
a recognition problem. To complete the outline, we change the focus to the
Voronoi diagram. We inspect the Voronoi diagram of weighted points, rectan-
gles, and line-segments under the maximum norm.

The main part of my dissertation consists of already published and submitted
papers to peer-reviewed journals and workshops. These papers are cumulated
in Part IIPart II.

1.1 straight skeleton

The straight skeleton was first seen in the work of Peschka from 1877 [Pes77Pes77].
Later, Aichholzer and Aurenhammer rediscover the straight skeleton and intro-
duce it formally [AAAG95AAAG95]. Both referenced straight skeletons are illustrated
in Figure 1Figure 1. The straight skeleton can be constructed inside of a simple poly-
gon P embedded in the plane and forms a geometric tree that terminates at the
vertices of P. It forms a straight-line structure that is of linear size in respect to
the size of P. Furthermore, the straight skeleton decomposes the polygon into
a linear number of faces, one for each polygon edge. One can also compute the
straight skeleton on the outside of P as well as on top of a planar straight-line
graph [AA96AA96].

The wavefront propagation is a well-known strategy for computing straight skele-
tons [AAAG95AAAG95, HH12HH12, Bie+15bBie+15b]. At the time the propagation starts the wave-
front is equal to P. As time progresses the propagation process simulates a
shrinking of the wavefront. In this process every wavefront edge moves at
unit speed and in a self-parallel manner into the interior of the polygon while
maintaining a closed boundary. The vertices of this shrinking wavefront trace
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preliminaries

(a) (b)

Figure 1: (a) Figure 75 of Peschka’s work from 1877 [Pes77Pes77], the interior structure of
the axis-aligned polygon features the straight skeleton; (b) Figure 1 from the
work of Aichholzer and Aurenhammer [AAAG95AAAG95], the straight skeleton in
dashed lines of a simple polygon.

out arcs which form the straight skeleton. In Figure 2aFigure 2a, the straight skeleton
(blue) of a simple polygon is illustrated as well as the wavefront (gray) at dis-
tinct times. To maintain the weak planarity of the wavefront two event types
have to be handled: edge events and split events. An edge event occurs when
a wavefront edge shrinks to zero length. A split event occurs when a reflex
wavefront vertex (interior angle is larger than π) crashes into the interior of
an opposing wavefront edge. These two types of events produce the (interior)
nodes of the straight skeleton such that at least three arcs meet in a common
node. Additionally, there is a node of degree one for every vertex of P.

1.1.1 Bisector Graph & Roof Model

In the work of Aichholzer and Aurenhammer [AAAG95AAAG95] not only the straight
skeleton is defined but also both the bisector graph and the roof model. A graph is
a bisector graph if every arc (i) is formed from a bisector portion of two edges
of P, and (ii) is bounded by a degree one vertex of P or a degree at least three
node of the bisector graph.

Let `i, `j denote the supporting lines of two distinct edges of P with interior
sides inherited from their defining edges. Then `i, `j define a unique bisector
line by propagating both lines to their common interior (exterior) side: The
intersection of the two moving lines `i, `j traces out their bisector. The case of
parallel edges is discussed in Section 1.1.3Section 1.1.3.

The roof model can be seen as a half-plane arrangement rooted at the edges of
P in three-space: We place a half-plane Πe originating on the supporting line

4



1.1 straight skeleton

(a)

(b)

Figure 2: (a) A simple polygon (black), the wavefront at fixed times (gray), and the
straight skeleton (blue); (b) The respective roof by lifting the straight skeleton
shown in (a) into R3.

Figure 3: The weighted straight skeleton of the same input as in Figure 2Figure 2 where the
weight of both two thick input edges is higher than the weight of each of the
remaining boundary edges.
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of every edge e of P, such that Πe is inclined towards the interior of e at a fixed
dihedral angle. Then, the intersection Πe ∩Πe ′ forms a ray, assuming e and e ′

are not parallel. If we project that ray orthogonally onto the xy-plane, then it
co-insides with the bisector of the corresponding edges of P.

Aichholzer and Aurenhammer formulate this bijection between bisector graph
and roof model. That is, for every roof we can map its edges orthogonally onto
the xy-plane and obtain a bisector graph, and vice versa, in respect to a fixed P.
Since the straight skeleton is a bisector graph, we can raise it into three-space
and form a roof over P. That roof forms a z-monotone terrain that covers P and
is incident on the boundary of P. Additionally, such a straight skeleton induced
roof drains water to the boundary of P [AAAG95AAAG95]. Thus, this roof contains no
sink, that is, a point on the roof that forms a local minimum but is not part of
the boundary of P. An illustration of a straight skeleton and its erected roof
can be seen in Figures 2aFigures 2a and 2b2b.

1.1.2 Weighted Straight Skeleton

In the weighted scenario every input edge e of P requires an additional param-
eter. This parameter provides a per edge weight and is part of the input. In
general, there are two weighted variants: additively and multiplicatively weighted
straight skeletons. In the former case, a wavefront edge still moves with unit
speed but starts at the time given by the additive weight. In the latter case, a
wavefront edge moves with a speed given by the multiplicative weight. Note,
for convenience we use the term weighted straight skeleton by which we refer
to the multiplicative variant. See an example of a weighted straight skeleton in
Figure 3Figure 3.

Biedl et al. [Bie+15bBie+15b] show that many properties of unweighted straight skele-
tons are preserved for positively weighted straight skeletons of simple polygons.
In particular the straight skeleton is connected, forms a tree, has no crossings,
and consists of n+ v− 1 arcs, where n denotes the size of the polygon and v
denotes the number of straight skeleton nodes.

1.1.3 Ambiguities

In general, the wavefront traces out the straight skeleton over time. This is also
true for the weighted variant. That would imply that the straight skeleton is not
only a tree but also directed. However, as soon as parallel edges are present in P

this is no longer true. Consider two wavefront edges that are parallel and move
toward each other. Their common bisector is defined as the line that coincides
with the intersection at the time the two wavefront edges meet. Clearly this
intersection does not induce a direction for the formed arc.

6



1.1 straight skeleton

e e ′

be,e′
p

fe

(a)

be,e′

e

e ′

pfe

(b)

Figure 4: (a,b) Two parallel wavefront edges of e and e ′ become adjacent at a point
p, the face fe incident at e is highlighted; In (a), the common bisector be,e ′

(orange) is oriented perpendicular to e, e ′; In (b), e has lower weight than e ′,
we let the bisector be,e ′ (orange) terminate the wavefront edge of e ′.

Let us assume that two wavefront edges move in the same direction with equal
weights and meet at some point p, then one can define the resulting bisector
as directed perpendicular to them originating at p. In this way the resulting
straight skeleton stays connected and every face is incident at a unique input
edge, as visualized in Figure 4aFigure 4a. However, if these wavefront edges have dif-
ferent weights and become adjacent, then the direction of their bisector is un-
defined. One feasible approach is to always pick the edge with lower weight
and thereby terminate the wavefront edge with higher weight [Bie+15bBie+15b]. An
example of this scenario is illustrated in Figure 4bFigure 4b.

1.1.4 Applications

The straight skeleton provides an alternative to the medial axis: The medial
axis was introduced by Blum in 1967 [Blu67Blu67] and is defined inside a simple
polygon P as the set of all points that have more than one closest point on the
boundary of P. Where the medial axis in general contains arcs of parabolas,
the straight skeleton is always formed out of straight-line segments [AAAG95AAAG95].
Hence, the straight skeleton has a lower algebraic degree, which can improve
the robustness for applications that build on the straight skeleton.

Polygon offsetting is the task of constructing an offset curve inside or outside
of a simple polygon P. This offset curve has a specific distance to the boundary
of P. Here, the straight skeleton can be applied in order to compute a mitered
offset of P [PH15PH15]. Given the straight skeleton the offset computation is straight
forward as it can be constructed by traversing the straight skeleton face by face.
Simply walk along the boundary of a face and embed the offset edge before
iterating to the next face.

As described in Section 1.1.1Section 1.1.1, the straight skeleton can be used to raise roofs that
drain water. In 3D urban modeling this property is applied to automate roof

7



preliminaries

(a)

(b)

Figure 5: (a) An illustration from the work of Sugihara and Khmelevsky, illustrating
the process of automated roof construction [SK18SK18].
(b) An example from Demaine et al. showing two models and their fold-and-
cut graph [DDL99DDL99].

computation for building footprints [LD03LD03, SK18SK18, Hub12Hub12]. In the work of Sugi-
hara and Khmelevsky [SK18SK18] building footprints are recognized through image
processing. Then, these footprints are used as input polygons for the straight
skeleton computation. An illustration of their work is shown in Figure 5aFigure 5a. A
similar approach can be applied to cartographic modeling, in particular for
automatic river bed construction [Hub12Hub12].

Tomoeda and Sugihara [TS12TS12] apply the straight skeleton to create an illusion-
ary 3D effect on a polygonal structure in the plane. They aim to enhance per-
ception of name boards and signs using this illusionary depth effect.

Another interesting area of application was investigated by Demain et al., they
use the straight skeleton for solving mathematical origami [DDL99DDL99]. The fold-
and-cut theorem states that any polygonal shape can be cut out of a piece
of paper with a single straight cut after a precise folding. In Figure 5bFigure 5b two
examples of his work are illustrated.

In the work of Hauner and Sester [HS08HS08] the straight skeleton is utilized to
automate cartographic computation. They collapse polygonal regions and rep-
resent them by the induced straight skeleton. For example, they collapse the
area of a road on a map to its center line.

8



1.1 straight skeleton

1.1.5 Computation

Contradicting common intuition, the straight skeleton cannot be obtained by
computing the lower envelope of a simple three-space arrangement. The dif-
ficulty in computing the straight skeleton hinges on the determination of the
split events. During the propagation a split event is caused by a reflex wave-
front vertex v that crashes into an opposing wavefront edge. Determining at
what time v crashes in which edge is difficult as the wavefront changes as time
progresses [AAAG95AAAG95].

Aichholzer and Aurenhammer [AAAG95AAAG95] derive an algorithm from their defi-
nition. The wavefront propagation, as described above, can simulate all events
and output the straight skeleton. Either compute all events that might take
place and store them in a priority queue sorted by event time, which overall
requires O(n2 logn) time and O(n2) space, or use O(n3) time but only linear
space.

Aichholzer and Aurenhammer also introduce a triangulation-based approach
which is investigated in detail and implemented by Palfrader et al. [AA96AA96,
PHH12PHH12]. By maintaining a kinetic triangulation of the shrinking wavefront
they identify the collapse times of the moving triangles. Then, the straight
skeleton events only occur at such triangle collapses. The best known worst
case time bound is O(n3 logn). However, Palfrader et al. observe that their im-
plementation takes O(n logn) time for all practical inputs and linear memory
consumption.

In 1999, Eppstein and Erickson [EE99EE99] introduce the first sub-quadratic algo-
rithm which takes O(n17/11+ε) time and space, where ε > 0. They raise triangles
originating at the input edges into three-space and then apply a 3D ray shoot-
ing query to obtain the closest triangle to a certain ray. These rays are induced
by the reflex input vertices. They achieve a sub-linear query time by employ-
ing a technique for maintaining closest pairs. Their approach also works to
construct the positively weighted straight skeleton in O(n8/5+ε) time and space.
For unrestricted input polygons their result is still the best-known for both the
weighted and unweighted setting.

In the same work they also introduce the motorcycle graph: A motorcycle is
defined as a point in the plane that has a given direction and velocity. Suppose
we have n such motorcycles that start at the same time. As a motorcycle moves
it leaves a trace behind and it only stops if it runs into another motorcycles
trace. The motorcycle graph is then the set of these n traces after infinite time.
Knowledge of the motorcycle graph helps in computing the straight skeleton
more efficiently.

In 2002, Cheng and Vigneron [CV02CV02] introduce a new approach to compute
the motorcycle graph in O(n

√
n logn) time. Their algorithm uses ε-nets to

construct a 1/√n-cutting of the input [Cha93Cha93]. These cuttings can be computed
efficiently and enable Cheng and Vigneron to construct the motorcycle graph

9
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cell by cell. Using the motorcycle graph they construct the straight skeleton
in O(n log2 n+ r

√
r log r) expected time. Later, Cheng et al. [CMV16CMV16] improve

this bound to O(n(logn) log r + r4/3+ε). Note that these algorithms are only
applicable if the input is in general position: At most three input edges are
tangent to a common circle.

In 2015, Biedl et al. show how to compute the straight skeleton of a monotone
polygon in O(n logn) time [Bie+15aBie+15a]. They first construct the straight skeleton
of each monotone chain and then merge both skeletons in a second step. The
key insight for computing the straight skeleton of a single monotone chain is,
that every combinatorial change in the wavefront is observed by an edge event.
Therefore, no split event must be identified which simplifies the computation
considerably.

1.2 voronoi diagram

The Voronoi diagram is named after the famous mathematician Georgy Feo-
dosevich Voronoi who introduced the diagram in 1908 [Vor08Vor08]. Note, that the
diagram is often referred to as Dirichlet tessellation, after Lejeune Dirichlet
due to his work from 1850 [Dir50Dir50]. Informally, the diagram was first seen as
early as 1644, in a work of Descartes [Des44Des44]. See an illustration of his book in
Figure 6aFigure 6a. In 1970, Shamos and Hoey [SH75SH75] introduced the Voronoi diagram
into the field of computational geometry.

(a)

R(s)

s

(b)

Figure 6: (a) An illustration of the first known Voronoi like structure in the work of
René Descartes [Des44Des44]; (b) The Voronoi diagram (orange) of a set of points,
a single highlighted region R(s) of one site s of the point set.
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1.2 voronoi diagram

Let S be a set of n points, sites, in the plane. Then, the Voronoi diagram V(S)

is a tessellation of the plane into n Voronoi regions. The Voronoi region R(s) is
formed by every point p that is closer or equidistant to s than to any other site
in S, as stated in Equation (1)Equation (1).

R(s) := {p ∈ R2 : d(p, s) 6 d(p, s ′) for all s ′ ∈ S where s 6= s ′}. (1)

The points on the region boundary are equidistant to at least two sites. The
Voronoi diagram V(S) is then the union of all region boundaries. In the classical
setting the distance is measured in the Euclidean metric, i.e., L2-norm. See an
illustration of a Voronoi diagram in Figure 6bFigure 6b.

1.2.1 Weighted Voronoi Diagram

There are two well-known weighted Voronoi diagrams which apply either addi-
tive or multiplicative weights. Assuming L2-norm, we can imagine expanding
disks on every site of S that start with a radius of zero. Then, region bound-
aries are created when disks intersect on a point that was not already covered
by another disk. In case of additive weights, all disks expand at unit speed
but start expanding at different times, depending on the additive weight. If
multiplicative weights are used, then every disk expands at a speed given by
its weight. The weights are part of the input such that for every site s of S we
are given a specific weight σ(s) ∈ R+.

In the following we will look at the multiplicatively weighted Voronoi dia-
gram. Aurenhammer and Edelsbrunner define the weighted distance function
dw(p, s) = d(p,s)/σ(s), between a point p in R2 and a site s of S [AE84AE84]. For two
sites with distinct weights the bisector is defined by a circle that encloses the
site with lower weight. Therefore, the weighted Voronoi diagram is composed
of circular arcs. Aurenhammer and Edelsbrunner present a worst-case example
for the combinatorial complexity of such a diagram which is quadratic with
respect to the number of sites, depicted in Figure 7Figure 7.

Figure 7: The worst-case example of the weighted Voronoi diagram presented by Au-
renhammer and Edelsbrunner [AE84AE84]. Site weights are indicated in brackets.
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1.2.2 Applications

The Voronoi diagram is widely used and has applications in natural sciences,
health, engineering, and of course computer science. In computational geom-
etry a variety of problems can be solved efficiently provided that the Voronoi
diagram is known: Nearest neighbor search, that is, given a set of points find
the closest point next to a query point; Maximum empty circle, given a simple
polygon, find the largest disk that fits in the interior of the polygon. Another
application for the Voronoi diagram is in robot motion planning. A common
task is to move a robot of specific shape from a given start to a given end point.
On the area between the start and end point are some obstacles. The problem
statement is twofold: (i) Can the robot reach the destination? (ii) Compute a
path on which the robot can travel to its destination without colliding with an
object [GMAM06GMAM06, Lat91Lat91].

To address some areas other than geometry, in biology Bock et al. [BTKA10BTKA10]
use the Voronoi diagram to model cell boundaries in cell formations. Sánchez-
Gutiérrez et al. [Sán+16Sán+16] apply the Voronoi diagram to better understand struc-
ture in muscle tissue in various conditions.

The research on Voronoi diagrams is comprehensive and further applications
can be found in the book of Okabe [OBSC00OBSC00].

1.2.3 Computation

In 1975, Shamos and Hoey [SH75SH75] present the first deterministic algorithm
to compute the Voronoi diagram in optimal O(n logn) time. They describe
a divide & conquer approach where the set of points S is split recursively into
a left and right half of roughly equal size. The Voronoi diagram is obtained by
merging the solved diagrams of smaller size. The key insight is that the merge
of two diagrams can be carried out in linear time.

In 1986, Fortune [For86For86] publishes his famous paper presenting a sweep line
approach to compute the Voronoi diagram in O(n logn) time. Assume we have
a plane, R2, containing all n sites and a line `, the sweep line. Then, we sweep
over the plane from one side to the other by moving `, self-parallel, across the
plane. During that sweep, every site that is intersected by ` is processed. A
classical sweep line algorithm guaranties a correct structure at any time in the
already swept area. Fortune introduces a so called beach line that consists of
parabolic arcs. Observe, the bisector between a point and a line forms such a
parabolic arc. The beach line lies between ` and the sites already covered by `.
Then, Fortune shows that the Voronoi diagram is correct behind the beach line.

Later, Dehne and Klein [DK97DK97] show how to apply a sweep line to obtain the
Voronoi diagram in various metrics in the same time bound.

12



1.2 voronoi diagram

For the multiplicatively weighted Voronoi diagram, Aurenhammer and Edels-
brunner [AE84AE84] introduce a worst case optimal approach in 1984. Their al-
gorithm takes O(n2) time and space and applies geometric inversion. Roughly,
they construct a unique sphere in three-space for every bisector between a fixed
site s and every other site of S. Then, they use a spherical inversion and obtain
a half-space for every sphere. By applying linear time half-space intersection,
they are able to achieve this worst case optimal time bound.

13
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2C O N T R I B U T I O N

In this chapter, I summarize the contribution of the work cumulated in Part IIPart II.
In the subsequent section we start with a closer look on a specific type of roof
which builds on the roof model shown in Section 1.1.1Section 1.1.1. We look at an algorithm
that allows to find such a roof that binds the maximum and minimum volume
on top of a given polygon. In Section 2.2Section 2.2, our linear time algorithm to compute
the straight skeleton of an orthogonal monotone polygon is sketched. Then, in
Section 2.3Section 2.3, we look at our algorithm to compute the weighted straight skeleton
of a simple polygon, which aims to be easy to implement. In Section 2.4Section 2.4, we
discuss the reverse question: Given a weighted straight skeleton as a geometric
graph, can we recognize it as such and if so, can we reconstruct a polygon
that induces the given weighted straight skeleton? Finally, in Section 2.5Section 2.5, we
discuss an incremental construction approach to compute the weighted Voronoi
diagram in the maximum norm.

2.1 minimum & maximum volume roofs

In Section 1.1.1Section 1.1.1, we described the relationship between bisector graph and roof
model. Aichholzer and Aurenhammer [AAAG95AAAG95] show that the straight skele-
ton induced roof drains water: Assume a raindrop lands on a roof facet and
takes the steepest descent, then it will always reach the boundary of the in-
put polygon. Additionally, they state that this roof is not the maximum- or
minimum-volume roof over a given polygon. We pick up this lead in Min-
/Max-Volume Roofs Induced by Bisector Graphs of Polygonal Footprints of Build-
ings [EHP18EHP18] (page 28page 28). Preliminary work was presented at the EuroCG work-
shop in 2016 [EHP16EHP16].

The basic idea is that the roof model, in general, allows for a variety of different
z-monotone terrains over an input P. We assume a fixed dihedral angle for
every half-plane in the roof model. Then, the different terrains constructed
using the roof model enclose different volumes.

We take a step back and observe which bisector graphs induce a roof that drains
water. We define a restricted roof model and call it natural roof, which allows
only for roofs that drain water. Then, we define additional events to allow
for a wavefront like approach that traces out such a roof with minimum or
maximum volume. We show that a greedy approach, that selects maximizing
or minimizing events during the propagation, leads to the respective roof. Our
proposed algorithm computes both roofs in O(n3 logn) time and quadratic
space. Furthermore, we establish a Ω(2Θ(n2)) lower bound on the number of
different natural roofs for a specific input.
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(a) (b)

Figure 8: (a) Maximum-, (b) Minimum-Volume roof over a given input polygon.

Our approach is implemented in C++ using CGAL version 4.9 [CGALCGAL]. The
illustrated roofs in Figure 8Figure 8 are computed with our implementation and ren-
dered using Blender. The source code is freely available on github [RORO]:
https://github.com/guenthereder/roofer.

2.2 straight skeleton of an orthogonal monotone polygon

In Computing the Straight Skeleton of an Orthogonal Monotone Polygon in Linear
Time [EHP19aEHP19a] (page 30page 30), we present an optimal algorithm. Given an orthog-
onal monotone polygon P, we split it into two monotone chains. Then, the
straight skeleton of each chain is computed individually. A final merge of the
two skeletons reveals the straight skeleton of P.

e1

ei

f(ei)

(a) (b)

Figure 9: (a) Adding the left part (orange) of the highlighted face f(ei) from the newly
added edge ei, then S∗ consists of all interior arcs (blue and orange);
(b) Merge of the straight skeletons of the upper (orange) and lower (blue)
chain. The merge line (purple) connects both skeletons, the solid arcs are
part of the merged skeleton.
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2.3 weighted straight skeletons and a line arrangement

For simplicity we assume P to be x-monotone. We compute the straight skele-
ton of a single x-monotone chain incrementally by adding edge after edge,
starting with the leftmost edge. During the construction we maintain a par-
tial straight skeleton S∗. For every edge e already added, S∗ maintains the left
part of the boundary of the face of e. That is the left (orange) chain of the face
f(ei) in the example in Figure 9aFigure 9a. We show that every added edge only creates
a single unbounded arc in S∗. Additionally, the arcs created by adding a new
edge only intersect unbounded arcs of S∗. These two properties let us derive
the linear bound on the construction of the straight skeleton of a single chain.

We show that all faces of P, induced by the straight skeleton, are x-monotone.
Additionally, the polygonal merge line, that is created by merging the skeletons
of the two chains, is x-monotone. Therefore, we can walk along the boundaries
of the respective faces while creating this merge line. We show that every
arc is traversed at most once, which results in the linear time bound for the
merge step. See an illustration of such a merge in Figure 9bFigure 9b. Together with
the approach above we obtain an optimal linear time algorithm to compute the
straight skeleton of an orthogonal monotone polygon.

2.3 weighted straight skeletons and a line arrangement

In Computing Positively Weighted Straight Skeletons of Simple Polygons based on
Bisector Arrangement [EH18aEH18a] (page 32page 32), we study the weighted straight skeleton
with support of a line arrangement. In recent straight skeleton research, there
is much focus on the motorcycle graph, as it can be used to obtain the straight
skeleton more easily [CV02CV02, CV07CV07, HH10HH10, Hub12Hub12, HH12HH12, MHH12MHH12, CMV16CMV16].

p

ek

ei
ej

mi,j

bi,k

Figure 10: The weight of ek is higher than the weight of
both ei and ej; the wavefront after p, on bi,k,
is reflex; the motorcycle mi,j, induced by the
input, stays on its initial direction.

A key insight in our work has been, that the motorcycle graph is not helpful in
the weighted case: In the classical straight skeleton, the motorcycle graph can
be utilized to track the reflex vertices of the wavefront propagation. Note, that
only reflex wavefront vertices cause split events, which are difficult to predict.
Every arc of the straight skeleton that is traced out by a reflex wavefront vertex
lies on a motorcycle trace. This is no longer true for the weighted variant,
where an event may cause a reflex wavefront vertex to change direction. See
an illustration of such an event in Figure 10Figure 10. Such a change in direction would
require an update of the motorcycle graph. We can construct a scenario where
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contribution

a linear number of updates are caused. Since a single update can result in the
re-computation of the motorcycle graph, it is no longer a feasible aid.

Still, the idea to track the reflex wavefront vertices, i.e., their direction in the
wavefront propagation is fundamental. Therefore, we use an arrangement
of lines, that covers all reflex wavefront vertices. If such a wavefront vertex
changes direction, we update the line arrangement.

To summarize our approach: We maintain the moving wavefront over time as
well as the line arrangement embedded in the wavefront, illustrated in Figure 11Figure 11

(blue and orange). Additionally, we keep track of the first and last intersection
of a line in the arrangement in respect to the other arrangement lines. This
enables us to identify events caused by reflex wavefront vertices more easily.
Depending on how many intersections in the line arrangement we store the
complexity of the algorithm changes and permits us to control a time/space
trade-off.

edge
event

split
event

reflex pres.
edge eventupdate A(P)

Figure 11: Extended wavefront example, wavefront (blue), line arrangement (orange),
thicker input edges have higher weight, already traced area is highlighted
in (gray).

Our algorithm is reflex sensitive and allows us to compute the weighted straight
skeleton of a simple polygon in O(n2+ r3/k+nr logn) time and O(n+kr) space,
where r denotes the number of reflex vertices and 0 < k 6 r. Our approach is a
practical candidate for an implementation, as it does not require complex data
structures. Additionally, k allows to control a time/space trade-off depending
on specific used cases.

2.4 recognizing weighted straight skeletons

In Recognizing Geometric Trees as Positively Weighted Straight Skeletons and Recon-
structing Their Input [EHP19bEHP19b] (page 34page 34), we gain further insight into the struc-
ture of weighted straight skeletons. We study their geometric graph class the
bisector graphs and their inducing input. We ask the question: Given a geomet-
ric graph G can we recognize G as a weighted straight skeleton and possibly
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2.5 weighted voronoi diagrams in the maximum-norm

create an inducing input H and weight function σ for G? Also, for which types
of geometric graphs can we answer that question in the affirmative?

Our first contribution is an algorithm that constructs such an input H and σ in
case G forms a geometric tree where the edges incident at every node induce
a local convex partition. The basic idea is to apply a wavefront propagation in
reverse. Therefore, we start at a node v ofG and create an initial convex polygon
where each corner resides on an edge incident at v. Then we propagate that
polygon outwards and add edges whenever we sweep over a node of G. At the
time this wavefront contains all nodes of G we have obtained a solution H and
σ. Note, we also describe an approach if at most one node of G does not induce
a local convex partition.

f1

f2

f3

f4

b1,3

Figure 12: Construct the bisector b1,3 (orange) between
faces, f1 and f3 with common neighbors.

Observe that H implicitly defines a quadratic number of bisectors, one for every
edge pair. Our second contribution is a method to construct all bisectors that
are not in G without the need to find an actual solution H. For our method
to work we require all bisector-pairs to be non-parallel. Roughly, we construct
a dual graph of G that helps in identifying which bisector lines we have to
intersect in order to obtain a specific bisector that is not in G. Furthermore, we
show that every solution H and σ that defines G also defines the same set of
bisectors. In Figure 12Figure 12, we illustrate the construction of one bisector that is not
in the original graph G.

2.5 weighted voronoi diagrams in the maximum-norm

In Section 1.2Section 1.2, we describe the classical Voronoi diagram of point sites, which
has a straight-line structure. Papadopoulou and Lee show in their work [PL01PL01]
how to compute the Voronoi diagram in the maximum norm of point and line-
segment sites. The weighted Voronoi diagram of point sites in the L2-norm
consists of circular arcs [AE84AE84], as illustrated in Figure 13aFigure 13a.

In our work Weighted Voronoi Diagrams in the L∞-Norm [EH19EH19] (page 36page 36), we
pick up this lead and investigate the diagram for points, line-segments, and
rectangles. Preliminary work was presented at the Young Researchers Forum
as part of CG Week in 2018 [EH18bEH18b]. Despite the weights and the various site
shapes, this diagram is formed from straight-line segments only. In Figure 13Figure 13,
we illustrate an example comparing the diagrams over the same set of points
and weights in the L2- and L∞-norm.
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(5)

(1) (1) (1)

(3) (3.5)

(a)

(5)

(1) (1) (1)

(3) (3.5)

(b)

Figure 13: Multiplicatively weighted Voronoi diagram of six point sites, associated
weight in brackets; (a) in L2-norm; (b) in L∞-norm.

We construct the diagram applying an incremental construction approach. In
each step we select a site s with maximal weight, from the sites not yet in
the diagram. Then, we construct the Voronoi region of s and embed it into
the diagram. We show that the site with minimal weight always defines a
single connected region that contains the site itself. By selecting a site with
maximal weight in each step, every added site has minimal weight among the
sites already in the diagram.

We establish a worst-case combinatorial complexity bound of O(n2) if the sites
include points and axis-aligned rectangles/line-segment. In this setting our
construction approach takes O(n2 logn) time and quadratic space. For gen-
eral rectangles/line-segments we are able to derive a combinatorial complexity
bound of O(n2 α(n)), where α(n) denotes the inverse Ackermann function.
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P U B L I C AT I O N S

Note:
The abridged version of this work does not contain full copies of the papers
that comprise this cumulative thesis. Instead, only references are provided.
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